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This document will provide a formal and detailed proofs for Theorem 1 and
Proposition 1 in Furukawa (2018).

1 Proof for Theorem 1
Define¢ = (b*laﬂljaa)(_ﬁw (1 —a)— p)~'. The theorem is:

Theorem 1 If and only if¢ > gb > 0, the BGP is unique, saddle-path stable, and
characterized by the condition for market equilibrium stationarity,

H* =@ (¢g" +1) /¢ + @1p,

and the condition for human capital accumulation stationarity,
")

H* = w, ((1 —aﬁ)n* +aﬁ>m
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plus one side condition* = T

Proof.
The equilibrium conditions making up the model are the following equations:

Ny
Y= (8L [ ali), ae.1) ®
0
Vi, = / e~ (Br=Ra)=t/or gt (2)
t
N = ¢ (N = NF); (3)
t P
H, = S,L = 9/ e 0t=T) (&> dr; (4)
oo N
Y, =Ci + X; + bNt; (5)
C
G (6)
The profit maximization condition for the final good firms is given by:
pi(§) = (S L) =y (7). (7)

Since producing a unit of intermediate goods requires a unit of capital goods,
intermediate goods are priced as follows:

: c
no)={ ¥ J SN ©

noting that the price elasticity is equalféa by (7). By (7) and (8), the amounts
of intermediate goods are given by

L JarEsiL=af, jelo,Nf] o
2:(j) = 2 M C ’ 9)
ateS L =a" je [Ny, Ny

and the profit of a monopolistic (i.e., yet-to-be-imitated) intermediate good pro-
ducer is given by

x, = a%(l —a)S:L = 7. (10)




Aggregate variables;; and X; = fo x(7)dj, can be easily caliculated from
(1) and (9):

Ny
y, — Q&Lﬂ‘iﬁ 2(j)° (11)

= ataSL ((1 —a™a)NE + a%Nt) ;

Ny
X = [ i (12)
0
= OéﬁStL ((1 — Oéﬁ>NtC + OéﬁNt) .
The market clearing condition, (5), can be rewritten as

C

Nt o 1% -1 1% N 1 Ct
Nt—a (1 — )b S:L <(1 at=a(1+ a))—L N, +a (1+a)) N,
(13)
By differentiating (2) with respect to | can have
rVy=m+ Vi — ¢ 'V (14)

Noting that the cost of making an innovationtiss equal to the valueV;, in
equilibrium, this Bellman equation can derive:

1+

ry =ai=a(l—a)b 'S L — ¢!, (15)

noting (10). From (6) and (15), and noti#g = S; L, the following growth rates
are obtained:

% —ata(l—a)b 'H,— ¢ - (16)
% = a5 (1—a)b ' H, <(1 —aTa(1+ oz))Nth +ate (1+ a)) —l%- (17)
B far (-amn)BE allay B 62 (9)

2This can be derived by differentiating () withnoting (X).
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Definec, = &, me = 3 N andh, = 2L Then, equilibrium dynamics can be

characterized by the foIIowm@ X 3 system

G

o= altl-ah-¢" —p-g (20)
n 1
— = o7 (' =1) g (21)
Uz
h .
< = o= <(1 —ate)n, + ate a) i N (22)
hy
where
g = =ate (1 —a)hy ((1 —ata(l+a))n +at=(1+ a)) —¢. (23)
t

In steady state;; = n; = hy = 0. Denote byc*, n*, andh* the steady-state
values ofc;, ny, andh,. Noting 3+ Nf = ata(l—a)h* ((1 —ama(l+a))n* +ata(l+ a))—
c¢* along the BGP, it is easy to derlve the following condition fram= 0:

*+1
H* — @1 (¢g" +1) + @, (24)
¢
whereg* = % = & is the rate of innovationf* = bh* is the stock of hu-

man capital in steady state equilibrium, afg = b/a%‘i(l — «a). Equation (24)
represents the market equilibrium stationarity, i.%,: % There are positive
relationships ofy* to H* and ¢, which are explained by curvein Figure 1 of
Furukawa (2010).

Fromh, = 0 (with 7, = 0),

1

_
H = (1 - ars)n* +ars ) ™7 with n* =

og* +1 (23)

1
R i
in whichw, = <9aﬁ> . Equation (25) represents the human capital accu-

0

mulation staionarity, i.e.g. There is a positive relationship between the fraction
of competitive sectorsy*, and H*, shown as curve) in Figure 1 of Furukawa
(2010). The intuition is explained as follows, which corresponds to Remark
1 of Furukawa (2010).The accumulation of human capital stod;, is gov-
erned by the average (per variety) use of intermediate goods for final good firms,
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N = fONt x,(j)dj. The average use of intermediate googs, is an increas-
ing function of the fraction of competitive sectat$, because competitive sectors
supply more intermediate goods than monopolistic sectérs;y M (due to the
usual monopolistic pricing). Consequently, there is a positive relation between
and H*.

Noting n* = ﬁ (from n, = 0), the fraction competitive sectors;, de-
creases with a higher rate of innovation, i.e., a higffer(since innovations in-
troduce more monopolistic firms into the economy) aricalso decreases with
the strength of intellectual property rights (IPR) protection, i.e., a lapgsince
stronger IPR protection decreases imitation activities, which play a role to con-

vert monopolistic sectors to competitive ones in the model). Equation (25) can be

rewritten as .
1 1
11—« * 1
H* = aredg +1 ) (26)
og* + 1

See Figure 1, in which (24) and (26) are described as upward sloping and
downward sloping curvesand L, respectively. The following fact follows.

Claim 1 The balanced growth path is uniquely determined by a system of equa-
tions, (24) and (26), corresponding to the intersectiorof curves! and L in
Figure 1, if and only if

1

a—«a é =9
b’la(lljaﬂlf% (1—a) (5> > p

-1

R = T AN 3
> b aT-0-9(1—-a) | - —p : (27)

and

6

Next, the stability of the system will be discussed. It is easy to show that the
log-linearized system of original system (20)—(22) has the following coefficient
matrix:

c* —(; Co — <3
B = ¢ =0y =G —(3 )
0 Cs —Cs

3

This can be easily derived frow:r:rl(gb_1 +p) < ws.
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where

& = ata(l—a)(l—aTa(l+a))h*n* >0,

¢, = a%(l —a)h* >0,

(; = ats(l—a ((1—aﬁ(1+a))n*+a%(1+a)> h* >0,

(4 = ¢ (") >0,
A ) 1 1 1\ %1

(= Bpama(1—am o (L-a™o)n 4ot ) Wi (h) >0,
. 1 1\ ¥

¢ = 0(1— w)oz%bw_l ((1 —at-a)n" + aﬁ) (R*)¥t > 0.

The determinant oB must be positive and determined by

det B = ¢* (3¢5 + (4C6) > 0.

The trace ofB is equal to

trB = —20,+¢ '+ (53— —
= ars(l-a)(l+a)h" =267 () o7 — (1 -0

notingc* = —(,+¢ 4. To ensure the stability of the steady state, it is suffices
to assume that the trace Bfis strictly negative’. To do sof andé are normalized
to be equal and sufficiently large, Ieading%t@: 1. This normalization makes the
trace of B strictly negative but does not cause the loss of generality in any sense.
That is, this does not change the steady state valies?, ¢*) and condition (27)
at all. This is because the steady state conditions, (24), (26), and (27), depend
only on %, neither solely ord nor 0.

The above discussion provides a formal proof for Theorem 1 in Furukawa
(2010).

4This, together with deB > 0, implies that the log-linearized system has two negative and one
positive eigenvalues. Since tBex 3 system has one jumpable and two non-jumpable variables,
this guarantees the local saddle-path stability of the system. Note that the stability of the original
system can be also guaranteed by taking into account the Local Manifold Theorem, since the
steady state of the system is unique.



2 Proof for Proposition 1

Proposition 1 There is an inverted-U relationship between the strength of IPR
protection and the rate of innovation if and only if

b> aT (1 - a)(1 — o 75) /p (1 —4).

Otherwise, the relationship is globally upward sloping.

Proof.
Define
A\ T
1
w = Z—j =p a9 (1 - q) (g) and ¢ = oot
From (24) and (26),
1 1 ® = =
11—«
1 _ 1 ( +p) o " _o=p@), (28)
¢ 1 —-at—= w 1 —at--a
7% 1—2y [P 1 )
fl@) = [(cb +p) (— + p) - al—am} . (29)
1—at--= (G

(242 %o
/(@) = 1 w<¢ ’ﬁ(@+p> “o (30)

@) | qia w

These conditions are so complex, that graphical analysis is useful. See Figure
A, in which é is measured along the vertical line adis measured along the

horizontal line. It depicts a graph ¢ ®) and a graph o as the45 degree line.

Since
1

¢7
fora particularé = ¢’, the length of a corresponding horizontal segment between
® = ¢’ and® = f~'(¢’) is equal tog* when¢ = %, as shown in Figure A as
segmeny. Note thaty* < 0 for the orange area in Figure A, where a BGP cannot
exist.

Function® satisfies the following properties:

g = — (31)

e fis globally strictly convex



e f(0)=0
o f(+00) = +ox

o F0) ==t

o f'(+00) = +o0®
The following properties are important in the following analysis:

e Points at which a graph of intersects the horizontal line are poinand
point®? = qT-= e — P

f(®)=0at® = {0, °} (32)
e A point at which a graph of intersects thd5 degree line is pointo — p:
fl@—p) =2 (33)

e A point at which the slope of a graph ¢fis equal tol is point®:®

Loy /4
f’(@)) = 1such as(é + ,0> v (% + p) = w%, (34)

There are four possible cases depending on the valyi€ ®f
al f'(0) <0andf'(®°) > 1 (henced < &)
a2 f'(0) < 0andf'(®°) < 1 (henced > @)
bo0o<f(0)<1
c 1< f(0).

SWhen0 < ¢ < 0.5, this fact can be easily shown. Whers < ¢ < 1, see the following.

lim

T
T L T D

>
vgte (@+p) 7
+

®Note thatf’(®) < 1 for & < & andf'(®) > 1 for & > &.
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Figures B descirbes these four cases. Then, the following three claims com-
pletely characterize the rate of innovatighas a function of the IPR strengih
Detailed caliculations appear in footnotes.

Claim 2 In case (c), any nontrivial equilibrium, withi* > 0, does not exist. The
condition for this situation is:

1< 27 (35)

SRS

Claim 3 In case (b), the relationship betweghand¢ ! is inverted U-shape#.
The condition for this situation is:

arars <« £ o109 (36)
w

g*(¢~") is maximized ap~! = f(®) and its maximum i® — f(®).

Claim 4 In case (al) and (a2),

1

<arary, (37)

SHRS

Case (a2): The relationship betwegnand¢ ! is inverted U-shaped wheff(®°) <
1, which is equivalentl to

1
1 1 - T 1-a
£ > ot f_—aw.w (38)

"The condition for case (c), < f(0), can be expressed m‘%’p% > 1. This is the
same a$~la T-S)0-9 (1-a) (g) " > pin Claim 1 as well as a condition in Theorem 1 of
Furukawa (2010)p > 0.

8For smallery ! such thaty ™! < f(®), f/(®) = % < 1, noting thatdcfl;‘l*1 =2, -1=
ﬁ — 1> 0; g* is an increasing function af '. See (31) and (34).

For largerp ! suth thatp~* > f(®), f/(®) > 1, noting thatd‘ff_*1 =2 1= -1 <0
g* is a decreasing function of .

For very largery ' such thaty ™' > w — p, g* = ® — ¢~ * < 0 and any nontrivial equilibrium

does not existy* = 0. See (33).
9The first inequality is equivalent to the condition under which the point at which a graph of

function f cuts the horizontal line is less thani.e.,aﬁ%ww — p < 0. See (32).
0Recall that pointh? = aTE T — p is a point at which a graph of functiofi cuts the
horizontal Iine;f(aﬁ%ww —p)=0.




In this casey* is maximized ap~* = f(®) and its maximum i$ — f(&). Case
(al): The relationship betweeri and¢ ' is downward sloping whef{ (®°) > 1,
which is equivalent to

_ 1
1 — Yo 1= 1
1

1 =1

In this caseg* is maximized ap ' = 0 and its maximum i§° = o=

1

¥
P < qT-a1-9y
-

(39)
v
=Yg —p.

These claims have the following three corollaries.

Corollary 1 The relationship betweepand g* is inverted U-shaped if and only

if

1— wa_ﬁ p

- <2 4
v < - < (40)

1

P
al-a1-%
holds1?13

Corollary 2 If condition (40) holds (the inverted-U case), the maximum*as

achieved at )

TS

and is equal to

A

mdz)ixg* = — (D).
The definition ofb is given in (34).

Corollary 3 If condition (40) does not hold and (39) holds (the upward sloping
case), the maximum (supremum)ydfs achieved at

6 — +oo

and is equal to

1

v
max g* = al-eT-vw — p.
¢

1This implies a positive relationship betwegrandg*.
12Note that the relationship betweerandg* is inverted U-shaped if and only if the relationship
betweeny! andg* is inverted U-shaped.

__1
3Note that'=%®_"" < 1 holds sincen ™= > 1. Thus, if condition (40) holds, condition
(36) necessarily holrds.
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These immediately deliver the following proposition.

Proposition 2 Suppos# = 4. Then, the condition for an inverted U, (40), can be
expressed as:

1 14¢ o o 4 1 _1
I—al-9 1I-a] — I—a "T1-al1-9 (] —
a (1=a) (1 - wa—fia) <p< 1=a) 4
(L=1)p p

The second inequality is equivalentd¢o> 0, which is imposed for the existence
of a BGP in Theorem 1 of Furukawa (2010).

Corollary 4 Suppose that == < . Then, (39) does not hold and (38) always
holds; the relationship betweehand ¢g* is inverted U-shaped entirely for case
(c). The condition for an inverted U will be simplifed to

o] 1

aﬁerﬁ(l — )

p

b <

This condition is equivalent t > 0, which is imposed for the existence of a BGP
in Furukawa (2010).

From the above two results, Proposition 1 of Furukawa (2010) can be pro-
vided.

The end of document.

14The formal definition of) is given in Furukawa (2010) as
N a—a —1
o= (b laT I (1—a) = p) .
Cearly,é > 0 is equivalent to

aﬁ—‘r 11—« l%w (1 — a)

o

b<
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Figure A



(D) 45°

With slope 1

Figure B (Case al)
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_With slope 1

f( @)=

Figure B (Case a2)
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/. With slope 1
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01 f@ @

Figure B (Case b)



45°

/(@)

Figure B (Case ¢)
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