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The mathematical details for “A Theory of Innovation through Global
Collaboration and Wage Inequality” are provided in thag-for-publication
document.

1. On the particular solution and the initial value for v,

The dynamics of; follow

1
v=A(t)v— —, (14)
g
whereA(t) = p + g(R¢) and
R RN + (1 —~9)nfgc(n¢) if GRS <~*RN
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The particular solution of (14) is given by
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Using the method of integration by parts, this expression can be rewritten as
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The standard transversality condition works in this model, ensuringithat .. v;
must be nonzero and bounded from above. Therefore, %%e> 0 is bounded

andlim;_,., e/o AT = o in the right-hand side of (17), the transversality con-
dition requires that the initial value of is uniquely determined by

1 L[ A (1)
— _ = Jo A(s)ds £2\' /).
Vo 7A(0) U/o e Jo A(T)QdT' (18)




By substituting this initial value into the particular solution (16), | obtain

1 t 1 [+ A'(T)
— _ oo Alr)dr — — [T A(s)ds
Ut GA{D) e U/t e A(T)QdT' (29)

Notice that the second term in (19) converges &st goes to infinity In order to
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see this, take the limit of the second terfnim, _fOAde( ) = ¢.

Using I’'Hopital’s rule, this can be rewritten é(shmt_)OO Y10 ) . Taking into account

A'(t) — 0and A(t) — A(n*), ¢ is equal to zero. This fact implies that &s

converges tao, the market value of innovations,, converges to* = — A%n*) =

1
a(pt+g*)’

2. Proof that the static effect of an increase ink?® on w?% is negative.

Note that, by the proof of Theorem @, = w7 (1 —~)G<. Thus, since:’
is a non-jumpable variable, thestantaneougshort-run) effects of an increase in
R% onws, andwy have the same direction. Then, sincg = v by V = d, the

fact thatdfﬁ’s < 0 holds in the short run implies th%‘% < 0 holds in the short

run. The following derivation proves this relation.
Recall that, by (8) and (9), the dynamicsidf follow

=GR® (1— (1 —~9)a%) — RY

for the coexistence case whef&R® < ~~°RY. This differential equation is
separable, and can be transformeuC,ms(1 11 A0y RN)dﬁC = dt. Given the

initial conditionf§, the particular solution is

e =n* (1 — (1 — 7};) e_(GRS_RN>t) B , (20)

taking into account* = G;gj—l” The particular solution fop, is given by
equation (19), in which

Alt)=p+ RN + GR* (1 —y°)af (21)

holds from (9) and (15).



The economy is assumed to be initially in the steady state, wigre n* =

GRS—RN . * ; . f 59
GRS andvy = v* = S TCRS) When an increase iR~ occurs, the steady
G(RS+A)-RN

state value ofi changes fromn* to n** = Gy a > " whereA is a

small positive number. The new transitional path, accompanied by an increase in
RS, corresponds to a path starting from the initial point? and converging up

to the new steady staie* in the dynamical system ((8) and (14)) wheké is
changed ta?® + A. From (20), such a path can therefore be formally described
by the following particular solution.

C B n**
e = 1— (1 — n_) e—(G(RS+A)—RN )t (22)

n*

This discussion proves the trajectoryrgf described in Figure 6.
From (18) and (21), a new initial value foy corresponding to the new path
for n¢ following (22) is determined by the transversality condition as follétvs.

N <—1/%meﬁﬁ@“éxﬂm3 (23)
cA0) o J A(1)?

inwhich A(t) = p+ RY + G (R® + A) (1 — v9) a¢, andnf follows (22). From

(23) , notingyy = m, we can derive
—~GA I N U o)
*k _ - —fo A(s)dsA_d ]
Yo T o(p+ GRS+ A))(p+GR%) a/t c A(r)? !

Note thatA’(r) = G (R® + A) (1 —~)n{ is greater thar) becauserl > 0

at every date (i.e.n¢ monotonically converges from* to n** > n*). Thus,
vy* — vy < 0 holds for any smallA > 0. This proves that an increase fit¥ leads

to a reduction inv3, instantaneouslyThe above discussion formally demonstrates
that the static effect of an increase®¥ on w3, is negative, which guarantees that
the trajectories shown in Figure 6 are adequate.

12Note thati{ is a non-jumpable (pre-determined) variable.
13Note thatv, is a jumpable variable.



